SOPHUS  LIE.                                    II
Taking the equation of a sphere in the form
x? H- / + z2 — 2 Boc — 2 Cy — 2 Dz + ,£ = o,
the coefficients, J?, C, £>, J?, can be regarded as the co-ordinates of the sphere, and ordinary space appears accordingly as a manifoldness of four dimensions. For the radius, R, of the sphere we have
as a relation connecting the fifth quantity, R, with the four co-
ordinates, By  Cy Dy E.
To introduce homogeneous co-ordinates, put
—>
a
then a \b\c\d\e are the five homogeneous co-ordinates of the sphere, and the sixth quantity r is related to them by means of the homogeneous equation of the second degree,
t* = P + <*+d*-ae.                              (i)
Sphere-geometry has been, treated in two ways that must be carefully distinguished. In one method, which we may call the elementary sphere-geometry, only the five co-ordinates a :b:c:d:e are used, while in the other, the higher y or Lie's, sphere-geometry, the quantity r is introduced. In this latter system, a sphere has six homogeneous co-ordinates, #, b, c, dy e, rt connected by the equation (i).
From a higher point of view the distinction between these two sphere-geometries, as well as their individual character, is best brought out by considering the group belonging to each. Indeed, every system of geometry is characterized by its group, in the meaning explained in my Erlangen Programm ; * i.e.
* Vergleichende Betrachtungen ilber neuere geometrische Forschungen. Programm zum Eintritt in die philosophised Facultat und den Senat der K. Friedrich-Alexan- intuition to questions of analysis.
